The SO(3) lattice gauge theory is investigated by Monte Carlo techniques on N 3 σ × 2 lattices with N σ =6, 8, 10, 12, 16 and 24, in order to shed more light on the interplay of the deconfinement and bulk phase transition in this theory. Our results on average action, adjoint Polyakov loop L a , and their susceptibilities clearly demonstrate the absence of any first order phase transition of either type. While a second order phase transition cannot be ruled out completely, our numerical studies suggest a possible lack of any phase transition in this theory.
Introduction
Recent simulations of the SU(2) lattice gauge theory [1] with a fundamental-adjoint action and the SO(3) lattice gauge theory [2, 3] have yielded intriguing results. In both the cases, phase transitions associated with sharp, even abrupt, changes in some physical observables were found. Since these observables can be regarded as order parameters for deconfinement, in the sense that i) they are a measure of the free energy of an isolated color source, an ii) they are vanishingly small just below the transition but acquire nonzero expectation values at the phase transition, one is tempted to call these transitions as deconfinement phase transitions. On the other hand, one finds very little change, if any, in the coupling at the transition point, β tr , as N τ is varied between 4 and 8 [3, 4] , whereas one expects it to shift significantly for a deconfinement transition as the temporal lattice size is varied: β tr ∼ ln N τ , as N τ → ∞ . Indeed, such a scaling of β tr with N τ is known [5] to be valid for the SU(2) theory with the standard Wilson action, i.e., the adjoint coupling β a = 0 in the above mentioned mixed action. One finds β f c to shift by 0.213 ± 0.004 as N τ is changed from 4 to 8 in that case. As β a is increased from zero, however, the amount of shift decreases and already for β a = 1.4, △β f c ∼ 0. While very large lattices may be necessary at larger β a to see the scaling behavior, it may suffice to simulate the theory on lattices with smaller N τ in order to see i) a significantly large shift characteristic of a deconfinement transition, or ii) even two separate phase transitions.
The SU(2) theory was simulated on N τ = 2 lattices [6] and significant shifts were indeed found even for β a = 1.4 where the deconfinement phase transition was of first order. In view of these results, we decided to check whether there is any discernible shift in the value of the transition coupling for N τ = 2 for the SO(3) theory. The transition point was again found to shift substantially, but the qualitative nature of the transition was clearly different from that at N τ =4, 6 and 8. While the phase transition was found to be strongly first order for those N τ , with a large hysteresis, neither the plaquette nor the adjoint Polyakov loop showed any hysteresis for N τ = 2. A two-peak distribution was found on smaller spatial volumes but the peaks approached each other as the volume was increased, suggesting an absence of a first order transition. We describe our results in the next section.
Results
In order to determine the location and the nature of the transition, we carried out a finite size analysis on N In each case, the transition point was first approximately located by looking for a phase coexistence. Using the spectral density method [7] , and the location of the susceptibility peak from a run at this point, this estimate was refined and a longer simulation run was made at that point. We used the Halliday-Schwimmer form of the action, [8] where the sum is over all independent plaquettes p, σ p takes values +1 and −1 and P = tr U p /2 is the usual plaquette variable obtained from the product of the link variables around a plaquette. We used a heat bath algorithm for simulating both the link variables U µ x and the plaquette variables σ p . An iteration consisted of updating all the link variables once followed by an update of all σ p . Table 1 lists the couplings at which the long runs were made for different N σ , as well as number of iterations, no. of iterations discarded for thermalisation in each case, and the autocorrelation times for plaquette and L a . Figure 1 shows the distribution of the plaquette and L a for all the lattices studied. A two-peak structure is visible in most of them. However, the peaks move close to each other as N σ increases and the valley in between them becomes shallower. This is, of course, opposite of what one expects for a first order transition. In fact, the two-peak structure has almost disappeared on the largest, N σ = 24, lattice, raising the possibility of a single peak structure in the infinite volume limit. Thus, the behavior of the histograms points to a lack of a first order phase transition, and suggest either a second order transition or a crossover in the thermodynamic limit.
We have studied the behavior of the plaquette and adjoint Polyakov loop susceptibilities, defined as
and
respectively, where L a is given by L a (x) = 1 2 tr A t U 4 (x, t). We used the spectral density method to obtain these susceptibilities around the transition point from the long runs mentioned in Table 1 . The susceptibilities are plotted as a function of β in Figs. 2a and 3a . In each case, the peak position along with the error on the peak are also shown. The corresponding peak heights are plotted against N σ in Figs. 2b and 3b. Also shown are fits in each case to a form f (x) = a + b x ω . For each value of N σ , the data set was divided into 20 equal blocks. The estimate of the values and errors for the different observables were done by doing a Jackknife analysis, where the Jackknife estimators were obtained by leaving one block at a time. For N σ = 6 to 16, the block size was more than 10 times the autocorrelation lengths (see table 1), and it was checked that changing the block size does not significantly change the errors.
The ω obtained from χ La peak maxima is expected to be 3 for a first order deconfinement transition, and would be ∼ 1.97 for an Ising-like second order decon- finement transition. On the other hand, the peak of the plaquette susceptibility is expected to scale as the 4-volume for a first order bulk transition, which too implies the corresponding ω to be 3 in our case as N τ = 2 is being held constant. In neither case a good fit to the power law form is obtained if one includes all data but excluding the N σ = 24 point in both cases yields a fit with a reasonable χ 2 . These results are summarized in Table 2 , where the first two columns give the results for fits to all data and the last two columns are for fits excluding the N σ = 24 lattice results. As expected, the latter are better and yield a slightly higher value of ω.
Both a first order bulk and a first order deconfinement phase transition seem to be clearly ruled out by our results. In fact, taking the whole set of data does not even support any critical behavior as the fit to a power law in N σ is rather poor in quality. Assuming the statistics on the N σ = 24 lattice to be inadequate, and thus excluding it, an Ising model-like deconfinement transition is consistent with our results. Thus one obtains a qualitatively different behavior in changing N τ to 2 from 4-8. As a further check of the above findings, we present in Fig.4a the Binder cu-mulant v L as a function of β on all the lattices, where
For a first order transition, the limiting value of the minimum of v L is less than 2 3 as N σ → ∞, while for a second order transition it is 
Summary and Discussion
Using a heat bath algorithm for both the link variables and the plaquette sign variables, we simulated the SO(3) lattice gauge theory on N 3 σ × 2 lattices with N σ = 6, 8, 10, 12, 16 and 24. The distributions of both the plaquette and the adjoint Polyakov loop show double-peak structures which show a tendency to merge as the spatial volume is increased. The corresponding susceptibilities grow much slower than the expectations corresponding to either a first order bulk transition or a first order deconfinement phase transition. Indeed, taking the whole set of data does not seem to support a critical behaviour at all; however, if one ignores the data on our biggest lattice, where statistics may be inadequate, an Ising-like second order deconfinement transition is consistent with our data. These results are in sharp contrast with those obtained [3] on N τ =4, 6 or 8 where a first order phase transition was seen in both the plaquette and the adjoint Polyakov loop.
Our N τ =2 results are in accord with the expectation of the lack of an SO(3) deconfinement phase transition based on the absence of any order parameter for it. Further, our results in Fig. 1 also agree with the expectations from strong coupling expansion which suggests L a to be nonzero everywhere. It may be recalled that L a ∼ 0 up to the transition point of the first order transition seen [3] on N τ =4, 6 and 8. It could either be that a bulk phase transition shows up for these higher N τ (which, however, will not explain the vanishing of L a ) or that the strong coupling argument above breaks down for those lattices and one does have a first order deconfinement transition. In any case, the task of showing the SO(3) theory to be the same as SU(2) theory in the continuum remains interesting as qualitatively different changes are bound to occur in that limit, assuming universality to be valid.
